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349. 


ON A CASE OF THE INVOLUTION OF CUBIC CURVES. 


[From the Transactions of the Cambridge Philosophical Society, vol. x1. Part I, 
(1866), pp. 39—80.—Read 22 February, 1864.] 


THE present memoir relates to the involution 
ayz + k (æ + y+ 2} (Ne + py + vz) =0, 


viz. treating æ, y, z as coordinates, and & as a variable parameter, this equation 
represents the series of cubic curves passing through the intersections of the two cubics 


ayz=0, (æ +y + z2) (àx + py + vz)=0; 


or, what is the same thing, the line «+y+z=0 meets any cubic of the series in 
three points the tangents at which are «=0, y=0, z=0, and these tangents again 
meet the cubic in three points lying on the line As+ py +vz=0; so that in the 
language which I have used elsewhere, the lines «+ y+z2=0, Aw+py+vz=0 are in 
regard to the cubic a primary and a satellite line respectively. The investigation (which 
is a development of two short papers already published in the Philosophical Magazine)(') 
was undertaken in order to applying it to the explanation and discussion of Pliicker’s 
Classification of Curves of the Third Order; but such application will properly be made 
in a separate memoir, On the Classification of Cubic Curves, and it has also appeared 
to me convenient to give therein the discussion of the geometrical forms of certain 
loci which present themselves in the present memoir. 


I remark that the involution intended to be here considered is a case of the more 
general one U+kV=0, where U=0, V=0 are any two cubic curves whatever. It appears 
from my memoir On the Theory of Involution, [348], that the equation, Disc’. (U+kV)=0, 
which determines the critic values of & is in the general case of the order 12; the 


1 On the Cubic Centres of a Line with respect to Three Lines and a Line.—Phil. Mag. t. xx. 
Pp. 418—423 (1860), [257]. Ditto, Second Paper, t. xxr. pp. 433—436 (1861), [315]. 
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special case is however in the present memoir treated irrespectively of the general one, 
and the equation for the critic values of k& is found to be of the order 3; this of 
course means that the equation of the order 12 breaks up into two equations of the 
orders 9 and 3 respectively, but I have not attempted to show how the decomposition 
and reduction arise. Moreover, in the general case the equation, Disc’. Disc. (U+%V)=0, 
which is the condition for the existence of a twofold critic value, presents itself in 
the form RQP? =0, where R=0 is the condition that the two cubics (U =0, V=0) 
shall touch each other; Q=0 the condition that there shall be in the involution 
U+kV=0 a curve having (not a mere node but) a cusp; and P=0 the condition 
that there shall be a curve having two nodes, or (what is the same thing) breaking 
up into a line and conic. But in the special case, which, as already noticed, is here 
considered irrespectively of the general one, the equation Disc’. Disc’. (U+kV)=0, for 
the existence of a twofold critic value presents itself in the reduced form Q=0, giving 
the condition, that corresponding to the twofold critic value there shall be a curve 
having (not a mere node but) a cusp. 


Article Nos. 1 to 18, Explanations, Definitions, and Results. 


1. I consider the involution 
ayz + k (æ +y + 2} (re + py + vz) =0, 


where «=0, y=0, z=0, x+y+z2=0 may be considered as representing any four lines 
no three of which meet in a point, and Aw + py + vz =0, as representing any fifth line 
whatever: k is a variable parameter. The lines e+y+2=0, Av+py+vz=0, are a pri- 
mary line and a satellite line of any cubic of the series, viz. the tangents æ = 0, y= 0, z=0, 
at the points of intersection with the primary line x+y+2=0, meet the cubic in 
three points lying on the satellite line As + wy + vz =0. 


2, A critic value of k is a value for. which the corresponding curve 
gyz + k (+y +z}? (às + py + vz) =0 


has a node; and such node, or say rather the site of such node, is a critic centre. 


3. The critic values of k are in effect determined by a cubic equation, and the 
coordinates of the critic centre are then given rationally in terms of k; there are 
consequently three critic values of k; and the same number of critic centres, and of 
nodal curves: it is however found to be convenient to express as well the critic value 
of k, as the coordinates of the critic centre, rationally in terms of an auxiliary para- 
meter 0 which is given by a cubic equation. 


4, The cubic equation in k (or what is the same thing, that in 0) may have a 
twofold root (pair of equal roots); or, say rather, it may have a twofold root and a 
one-with-twofold root: corresponding to the twofold value of k we have a twofold critic 
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centre, which is not a mere node but a cusp on the cubic, or instead of a merely 
nodal cubic we have a cuspidal cubic; and corresponding to the one-with-twofold value 
of k we have a one-with-twofold critic centre, being of course a mere node on the nodal 
cubic. 


5. In the case in question of a twofold and one-with-twofold value of k, the line 
Aa +py+vz=0, or say the sateliite line, envelopes a curve which might be termed the 
twofold and one-with-twofold envelope, but which is spoken of simply as the envelope. 


The locus of the twofold centre is a curve which is called the twofold centre locus. 


The locus of the one-with-twofold centre is a curve which is called the one-with- 
twofold centre locus. 


These definitions premised, the following results may be stated ; 


6. The equation in @ may be represented in the three equivalent forms 


: Pee AS ah ai A 
O+rX O+p O+yv 0 ” 


A 
Bits tongin Aa n an E di 


TARTE AA 


0 — 0 (uv + vA + Ap) — 2rpv = 0. 


7. The critic value of k and the coordinates of the critic centre are then given 


by the equations 
— 16 


ae CES SCE SO TETN 


aos OE ROE TAE EC Pia 
eS woe T ees + py ORS ERY ETO RY OE HR 
8. The condition for a twofold and one-with-twofold value of k is 
Stu +v = 0, 
or, what is the same thing, 


(pv ++ Ap)? — Z7A2u*v? = 0, 


which equations may either of them be considered as the line-equation of the envelope. 
The equation in the coordinates (æ, y, 2), or point-equation of the envelope is 


or, in its rationalised form, 


a+ yt t2 — A (ye + ye + at + 2a + wy® + ay) 


+ 6 (Y2 + 2a + wy") — 124 (ayz + wy’ + xyz?) = 0. 
40—2 


www.rcin.org.pl 


316 ON A CASE OF THE INVOLUTION OF CUBIC CURVES. [349 


9. The equation of the twofold centre locus is 


Va+Vy+Vvz=0, 


or, in its rationalised form, 
£ +Y +2 — 2yz—22e— 2ey=0; 


the curve is therefore a conic, and it may be spoken of as the twofold centre conic. 
10. The equation of the one-with-twofold centre locus is 
P+ Y HP (yet yz + 2a? + 2a + xy + ay) + 32y = 0, 


the curve is therefore a cubic, and it may be spoken of as the one-with-twofold 
centre cubic. 


11. The before-mentioned equation X~4+ u~4+v74=0 is satisfied by 
Dele polls 1 OF" peak a, ort, 


where a +8+y=0, and it is very convenient to introduce these quantities a, 8, y into 
the formule. 


12. The equation of the satellite line giving a twofold and one-with-twofold centre is 


Bie ae an. 
a Bt 0; 


the coordinates of the point of contact with the envelope are œ : y:z=a@: Bt: y. 


The equation in @ gives 0, = 0,= -5 for the values corresponding to the twofold 
centre; and 0; = 5 for the value corresponding to the one-with-twofold centre. 


The coordinates of the twofold centre, or cusp, are æ : y : z=? : BP: q. 


The coordinates of the one-with-twofold centre, or node, are 


æ : y: z=¢(B—y) : B(y—a@): y (a-p). 
The equation of the tangent at the cusp is 


a y z 
ANT a) goles hen 


The equation of the line joining the cusp and the node, which line is also one of 
the tangents at the node is 


RIRS 


¢ A 

+54+-=0. 
Boy 

The equation of the other tangent at the node is 


(2By + a) + (Zya + B) 4+ (208 +9") _=0. 
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13. Considering the critic centre corresponding to a root @ of the cubic equation, 
the equation of the line joining the other two critic centres is 
AL By vz 


TERETI E 


which is the polar of the critic centre in regard to the twofold centre conic. The 
critic centres are consequently conjugate poles in regard to the twofold centre conic. 


14. The equation of the tangents at the critic centre considered as a node of the 
corresponding cubic curve is 


(0+4, 0+ 4p, 0 5, 2 9 - 6-H) Y, zP=0. 


15. The last-mentioned formule lead to some which involve the three critic centres 
viz. if X=0, Y=0, Z=0 are the equations of the sides of the triangle formed by 
the critic centres, then the equations of the tangents at the three critic centres 
respectively are of the form 


BY? + CZ = 
AX? . +02Z:=0, 
AMATE BDE tr =O 


so that the tangents in question are in fact the tangents from the three nodes 


respectively to the conic 
AX? + BY? +02 = 


the three nodes or critic centres being thus conjugate poles in regard to the conic, 
this is called “the three centre conic.” 


16. The equation of a nodal cubic is also expressible in a simple form in terms 
of the new coordinates X, Y, Z. In the formule for these transformations, and indeed 
throughout the memoir, the three roots of the equation in @ are represented by 
0., 02, 0, and I write also 


1=6,—0, l,=0,-0,, 1,=0,—4,, 
©, = (0, + A) (A+ u) (A, +v), 
©, = (0, +2) (02+ p) (A. + v), 
@, = (0; + A) (0; + u) (0; + v). 


17. If Aa+ub+vc=0, that is, if (a, b, c) are the coordinates of a point on the 
line Ax + uy +vz = 0, then the critic centres lie on the cubic 
6.0.8 a tere. E 


æ y z «eL+y+z2 


, 


or, what is the same thing, this curve is the locus of the critic centres corresponding 
to the several lines Aw + y+ vz = 0 through the point (a, b, c). 
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18. In particular, taking in succession for the point (a, b, c) the point of inter- 


section of the line As +py+vz=0, with the lines x=0, y=0, z=0, e+y+z2z=0, the 
critic centres lie on the conics 


which are useful for the construction of the critic centres for a given line Aw +py+vz=0. 
The last of the four conics passes through the point (1, 1, 1) which is the harmonic of 
the line x+y+z2z=0 in regard to the triangle formed by the lines e=0, y=0, z=0; 
and I call it the harmonic conic. 


Article Nos. 19 to 21. General Formule for the Critic Centres. 


19. I consider the involution 
syz + k (æ+ y +z2F (rx + pyt+vz)=0. 


Writing the equation in the form 


kOe + wy + v2) = 


and differentiating with regard to a, y, z respectively, we obtain 
—kX(@+y+zP=y2(—a#+y+2), 
—kyp(a+y+2z~=2za( w—y+2), 
—kv(a@+y+z2P=ay( x+y-2), 


which determine the coordinate ratios æ : y : z of the node or critic centre; and the 
corresponding value of k.. 


20. Writing the equations under the form 


—k(etyt2?_—-aty+2_w-y+z_at+y—-z 2 


zyz Ag wy ve å P 


where @ is an auxiliary parameter to be determined, we find 


2A 
#(-1- 9) tyte=0, 
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that is 
s+y+z=20(1 +4) 


and consequently 


vty +2=20(14 5) =2y (1 +5) =22(1+5), 


or, what is the same thing, 


: 2 1 1 1 
ie Aa ie Re Sood ee: CRY BS 


and we have thence ‘ 
i gS A Ps Bh 
0+ O+pm O+v 0 ” 


an equation which may also be written in the form 


A ees v 
FFA Otm Orv” 


1 =0, 
or in the form 

A — O (uv +o ++p) — 2ZrApv = 0; 
and we then have 


IA +s gotik TA) 
POENE AE ; 
LO 
+) O+ AOF) 


k= 


21. We see that @ is determined by a cubic equation, and that the ratios æ : y : z 
and the parameter k are rational functions of 6. There are thus three nodes or critic 
centres, and the like number of nodal curves and of critic values of k. 


The form secondly obtained for the equation in 0 shows that we may write 


1 
40 G8 OTe eT ee ap Cee 


DI bo 


Article Nos. 22 to 32, relating to a Twofold and a One-with-Twofold Centre. 


22. If k has a twofold and a one-with-twofold value, then 0 will have also a 
twofold and a one-with-twofold value; and conversely. The equation in @ will have 
a twofold and a one-with-twofold: root if 


(uv +X +A? — 27 Xp = 0 ; 

or, what is the same thing, if 
pv +v +u —3 (Amv) =0, 
or if 
(uv) + A)" + Au) = 0, 
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or finally if 
Ao 4 ph + y=, 


so that the condition is satisfied if X=a*, w= 8“, v=y where a+@8+y=0. In 
fact with these values the equation in @ becomes 


(aBy0) — 3aBryO — 2 =0, 


that is 
(aBy8 + 1)? (aBy@ — 2) =0, 
so that the twofold value is 6,=0,=— ai ; and the one-with-twofold value is 
2 
6,=—-. 
3 aBry 


23. It is throughout assumed that the quantities a, 8, y satisfy the condition 
a+8++y=0. The result just obtained shows that the line 


eae 

at Be 
is a twofold and one-with-twofold satellite line. From this equation, considering a, 8, y 
as variable parameters satisfying the condition a+@8+y=0, we find at once the 
equation of the curve enveloped by the line in question, which curve is called simply the 


envelope—viz. the coordinates of the point of contact are found to be æ: y:z=a!: Bt: yf, 
and thence the equation of the envelope is 


Ja+Jyt Jz =0, 
or rationalising, it is 
at + yt + zt 4(y2* +yz H 2a? + Bae + wy + ay) 
+6 (PL + 2a? + ay”) — 124 (ayz + yen + Pay) = 0. 
The before-mentioned equation AT? + p7 ?+v7?=0, or 
(uy + VA + ru)? — 27 wr? = 0, 
may be considered as the tangential equation; the envelope is thus of the order 4, 


and the class 6. 


24. It is easy to show that the curve has three nodes the coordinates whereof 
are (—4, 1, 1), (1, — 4, 1), (l, 1, — 4); and this being known, the equation. may be 
transformed so as to put the nodes in evidence. I effect the transformation syntheti- 
cally as follows, viz. writing e+y+z=0, yz+ 2zu+ay=q, xyz=r, the equation of the 
curve is 

(o*t — 2qo* + 2q? + 4ro) 

—4( qo? — 2g?— ro) 

+6( e — 2ro) 
—124( ra) = 0; 
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viz. it is 
o* — 6qo* + 169? — 128r = 0, 
which is 
(70? + 4q} — 160 (80° + 4ga + 8r) = 0, 
or, putting for a moment l= — $, and therefore 5(/ —2)=— 16, 
it is 
(To + 4q} + (J — 2) 50 (80° + 4qo + 8r)= 0. 


Now writing 


L = + 2x =8æ+ y+ z, 
y =o + 2y =æ +3y+ z, 
Z =0 + 2z = £+ yY + 32, 


we find 
ya + 2a! +y = To? + 4q, 
L FE y+ zZ =50, 
wy 2’ = 30° + 4go + 8r, 

so that the equation is 

(y? + 2a + a'y’P+(lL—2) ay’/ (ae +y 4+ 7)=0, 
that is 

yaaa A glg +a y+ lay 2 (a! a y + z) ta 0; 

or, putting for / its value, the equation is 

5 (yeza + gale + gy’) an? 62" y'2’ (a ut y + 2’) =o 
or, as this may also be written, 


2 
(5, 5, 5, -3, -3, -3)(4, h =) =0; 
Pra ae 


a form which shows that the curve has three nodes at the angles of the triangle 


a’ =0, y¥=0, 2#=0. 


25. It is easy to see that the curve is touched by the lines «=0, y=0, z=0 
at their intersections with the lines y—z=0, z—@=0, e—y=O0 respectively, or (what 
is the same thing) in the points (0, 1, 1), (1, 0, 1), (1, 1, 0) respectively. It may be 
added that the line y—z=0 meets the curve in the node (— 4, 1, 1), being of course 
a point of twofold intersection, in the point (0, 1, 1) on the line #=0, and besides 
in the point (16, 1, 1): and the like for the lines z—æ=0 and #«-—y=0. 


26. It may be noticed that although any line passing through one of the nodes 
is in a sense a tangent to the envelope, yet that it is not a proper tangent and 
does not give rise to a twofold centre. It is in fact shown (post, Nos. 73 and 74) 
that the critic centres for a line \x+py+vz=0 passing through the point (— 4, 1, 1) 
are three points lying, one of them on the line y+z=0, and the other two on the 
conic #(a@+y+2)— 4yz=0. 

a W: 41 
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27. Assume that 0 has its twofold value =- the equations 
aianei aaar R i 
n OR a |e 


substituting also therein for A, p, v the values a, 8>, y>, give for the coordinates of 
the twofold centre 

e AO RYN CURRIES D 2B 

TOES Beat gaat oY 


but in virtue of the relation a + 8+ y= 0 we have 


By — @ = By +ya+ a8 = ya— 8 =a- t; 


or the values are æ : y : z=a?: B: y. Hence also we have as the equation of the 
locus of the twofold centre, s 
Va+Vy+v2=0, 
or, what is the same thing, 
e+ y+ 2—2Qyz -- 22a — Ary = 0, 
which is a conic touching the lines e=0, y=0, z=0 at their intersections with the 


lines y—z=0, z—2=0, æ —y=0 respectively, or, what is the same thing, in the points 
(0, 1, 1), (1, 0, 1), (1, 1, 0) respectively. 


28. Similarly, if @ has its one-with-twofold value wee the equations 


aBry 
eg Shee tiie propane te SE LP i” 
Wee Mat Page pe 


substituting also therein for A, m, v the values a, 8, y~*, give for the coordinates of 
the one-with-twofold centre 


wry sf 


but in virtue of a+8+7y=0 we have 


2a + By =a — a (B+ y) + By =(a— 8) (ay) =—(y-4) (a — 8), 


and similarly 
26° + ya= — (a — B) (B — y), 2y' + aB ES N 4); 
and thence these values are 
“wry: 2=0(B—-y): B(y—a): y (a — 8), 
for the coordinates of the one-with-twofold centre. 


We thence deduce 


y+2= Rèy — Ra + fa — FR = (By — aß — ay) (B—y) = (By + a) (B — Y), 
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and consequently 


—a“2+y+2=By(B—-y), 
that is 


g : Y : zZ 7 Se 2 OMe A na. mz 
=a(B—y) : B(y—a@) : ¥(a—B) : By(B—y) : ya(y—@) : @B(a—8), 
and these give 
—(—#+y+2)(@-—yt+z)(@+y—2z)+ r2yz=0, 


or, what is the same thing, 
a + y+ P (YH ys + z + 2a + wy? + wy) + 38y =0, 


as the equation of the locus of the one-with-twofold centre, which locus is thus a cubic 
curve. 


29. The equation 
È +Y HP (yet yY? + 20° + 2x + vy + ay) + 3xyz =0, 


of the one-with-twofold centre locus may be transformed as follows, viz. writing for a 
moment #«+y+z=—w, we have 


(9x + 4w) (Dy + 4w) (92 + 4w) — w? 
= 729 xyz + 324 w (yz + zæ + wy) — 144 w? + 64w’ — w’, 
=81 {9myz + 4w (yz + zæ + wy) — w’), 
=81 {9æyz— l2æyz — 4 (yz? + &e.) +(@ + y? + 2) + (By2? + &e.) + Gary}, 
=81 {a +y +2 — (yz? + &e.) + Bayz}, 
so that the equation may be written 
(9a + 4w) (9y + 4w) (9z + 4w) — w’? = 0, 
or, what is the same thing, 
(5a —4y — 4z) (— 4a + 5y — 42) (— 4a — 4y + 5z) + (@ + y +2 =0, 


which shows that the intersections of the line æ +y + 2= 0, with the sides æ = 0, y =0, z=0 
of the triangle are inflexions on the curve; and that the tangents at these points are 
respectively 


5a-dy—42=0, — 4x + 5y—42=0, — 4x -—4y+5z=0. 


30. The curve passes through the point (1, 1, 1), which is the harmonic of æ +y + 2=0 
in regard to the triangle; and this point is moreover a node on the curve; in fact 
if the equation be represented by W =0, then we have 


d W = 3&2 — 2æ (y + 2) — Y? + 3y2 — 2, 


=0 for the point in question; and similarly d, W = 0, and d, W = 0. 
41—2 
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31. The equation for the twofold centre conic may also be obtained as follows: 
viz. the equations 
Sees Pe ee 


rx py me 
give 
il Ris! a La a Ra 8! MAE, n 
gyz & & (apy)?’ 
which substituting for 0 the twofold value =— oa 
gives 


(-a@+y+z2)(w@—yt+z)(e@+y—2z) + 8ayz=0, 
an equation which may be written 
(+y +2} (2 +y +2 —2y2— 220 — 2æy) = 0, 


which is the former result affected by the extraneous factor æ +y + z. 


If, instead, we substitute for 0 the onefold value = zs , we find 
—(-a+yt+2)(@—yt+z)(e@+y—2)+ ayz=0, 
or, what is the same thing, 
B+ YHP — (yet yet 20+ Ha + ay’ + xy) + 3ayz =0, 


which is the one-with-twofold centre cubic. 


32. Recollecting that 
x 4 


EEC 4D)’ 


we deduce for the twofold value of k 
Od o o gol T 
* (By — @) (ya — B?) (aß — 4)’ 
Minar Si a oai 
(By + ya + aB)*’ 


_ RS - 
(a? + B? + ry’)? ? 


kı 


and for the one-with-twofold value, 
ka = --- m ee ED repy £A 3 
"(2a + By) (2B? + ya) (27 + aß) 
ol 
(Bf =a ia Cani nAi 
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Article Nos. 33 to 38, relating to the Tangents at a Node or Critic Centre. 


33. I proceed to investigate the equation of the tangents at the node of the curve 
ayz +k (æ +y +z (rae + py + vz)=0; 
it will be recollected that if æ, y, z are the coordinates of the node, then we have 


MES oe 


1 
Ces ee en ORT CaN TA Bea te 


Representing for a moment the equation of the curve by U=0, then the second 
derived functions of U are 


k. 2 (Ax + py +z) + 4h (æ+ y +z), 
k. 2 (àx + py + vz) + 4k (@+ y+ z)p, 
k. 2 Ax + py + vz) +4k(&+y+z)v, 


g+ k. 2 (xw + py + vz) + 2k (@+y +z) (+v), 
y+k.2 (x+ py + vz) + 2h (x+y+2)(v+r), 
z +k.2 (s+ py+vz)+2k(e@+y+z)(A+p), 


or calling these (a, b, c, f, g, h) respectively, and substituting the values æ= rae &e., 
we find 


8kx 


2k 
a=2k+ -y> = (0+ 4A), 


with the like values for b, c; and 


1 0 
fagpy tees Guta (gy gt ot Mut D), 


where the term in ( ) is 


_— 0 (0+r)(O+p)(O+r) : 
yi ee ana -Je +0 +2u + 2p, 


= TACTA EO oi dn, 


=~ 26—2y— 2y— "4 94 Dp +2, 


__9_ 2 
=— 0 g’ 


that is 
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with the like values for g and h; or omitting the common factor e we have 


(a, b, ¢, e g, h)=(0+49, 6+4u, 0+4y, — ee P ee — 9-H) 


and thence, taking now #, y, z as current coordinates, the equation of the tangents at 
the node is 
(a, 6; 6; fig, ha, yj2¥ =0. 


34. Substituting for ^, p, v the values a~, B-, y~, and for @ the twofold value 


— foal the equation of the tangents at the twofold centre becomes 


apy | 
(ey (4By—æ),.,., By (By + 2a’), ., .) (a, yey =O, 


which is at once reduced to 
(er (8 EFi yF, Ce Cer a By (y- a) (a— B), “> . (x, Y, z} = 0, 


or, what is the same thing, 


{By (B — y) + yaly — a)y +aß (a—B)2}?=0, 


which shows that the twofold centre is a cusp, and that the tangent is 


By (B— y) +ya(y— a)y +ap (a -— p)z, 


or, what is the same thing, 


E-a OARE ee 


35. Writing in like manner A, m, v=a, 8>, y~, and 0 for the one-with-twofold 


value = we find for the equation of the tangents at the one-with-twofold centre 
(26% (By +a)... - By (28y +a), . , .) (æ, y, 2} =0, 

which may be reduced to 
(26% (2By +@),.,., @By (ya + B+ 208+"), ., j (w, y, 2} =0, 


or, what is the same thing, 
(Bys + yay + aßz) {(2By + a) Bye + (Zya + B?) yay + (2aß + q’) a82} = 0. 
Hence at the one-with-twofold centre the equation of one of the tangents is 


(2By + a) Bys + (Zya + B?) yay + (2aß + °) aBz = 0, 


or, as this may otherwise be written, 


(28y + 2°)” + (2ya + B°) 5 + (2aß + 92) : =0. 
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36. The equation of the other tangent is 


Byx + yay + aBz =0, 
or, what is the same thing, 


goja 
+4 +. E 
CE a 
This is in fact equivalent to 
| WEA DE AE: Z =0; 
cap ee ae Be peT 


@(B-%), B-a) a-e) 
for, developing the determinant, we find 
a, By (2a- B—y)+y.yo(2B—y—a)+ 2. p (2y—a— B)=0, 


or, what is the same thing, 


apy (F + + Z) =0; 
hence the line 
g Y z 
Be a Sey — ee 
a B y 


which is one of the tangents at the one-with-twofold centre, is also the line joining 
this point with the twofold centre. 


37. The equation of the tangents at a critic centre or node may be obtained in 
a different form, involving, instead of the parameter 0, the coordinates (æ, y, z) of the 
node. We have 


(90+A)e#= x x+y +2), 
or, what is the same thing, 
Mo =F(—aty +2) 
and similarly 


2 
by = 6 ( a—yt z), 


ye= 5 2+y—2), 
thence also 
(0 + 4r) x = O(a — 2x + 2y + 22) =O (— æ + 2y + 22), 
and 


2 uv 

(0+ R”) yz=0 lyst hwy +2) w +y -2 
= $0 {2yz + — (y - 2}, 

0 (2 — Y? — 2 + 4yz) 
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from which we obtain 
7 ee A ae a 

= yz(— 2+ 2y + 2z) 
> 2zæ( 2æ— y+ 2) 
: 2æy( 2æ + 2y — 2) 
:—e( æ— Y— 2+ 4yz) 
: -y (£+ yY— 2+ Aza) 
: =z (8 — y+ 2+ 4ay), 


which are the required new forms. 


38. We have 
be — f? = 4a°yz (2æ — y + 2) (2a + 2y — 2) — æ (æ — Y — 2 + yz)? 
=(æ +y +2} (@ +Y +2 -— 2yz — 22x — 2æy), 


which is =0, if æ+ y+z=0, or if æ — 2s (y+z2)+(y—z2)}=0. In the former case, viz. 
if e+y+z2z=0, we find a=b =c¢c=f= g =h =-— 6ayz, and therefore 


(a, b, c, f, g, hýæ', y’, Z= -— beyz (a +y + 2’, 
but this corresponds merely to the value k=, for which the cubic is 
(w+ y +2) (Mw + uy + v2) = 0, 
which is not a proper cuspidal curve. In the latter case, or where 
L +Y +HZ 2yz— zx —2ry = 0, 


or, what is the same thing, V2+Wy+Vz=0, we have a proper cuspidal curve. 


Article Nos. 39 to 43, relating to the Triangle of the Critic Centres. 


39. The equation 
AL py vz 


Pe. ci i agents eik 
bah Ot+uk Ave 


is satisfied by substituting therein 


1 1 1 
æ: y i ek O+ p A A rgæ:y tada oe Sy Ti 6+ arr 


in fact, for the first set of values the equation becomes 


ap | SE AS eee 
(0, + 2) (8. +r) (0, + u) (A, + p) (0, + v) (A, + v) 
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or as this may be written 
A p ”—) ( A H Z=) 
ESA EN e EE EET o N TA ec sö. 
Carta ra ec eS a Ce ae 
that is, 1—1=0, and similarly for the second set of values. Hence the equation in 


question is that of the line joining the critic centres corresponding to the roots @, and 6;. 
Hence 


AL my vz 
kadna wen; 
GPr 00 bn MO 


ied do guapins sAr 
OHA btu Ot+v ’ 


Ax Hy vz 


ee ae 
are the equations of the sides of the triangle formed by the three critic centres. 
40. It is to be remarked that the line 


Ax HY vZ 
264. Bo ees 
1 1 1 
O42? Gtp’ O+v 


: . 
is the polar of the critic centre ( ) in regard to the twofold centre 


conic 
2+ Y + 2? — Qyz— zg — 2ey=0: 


in fact, forming the equation of the polar in question, this is, 
1 1 1 1 1 1 1 1 1 
EE EAEL chad ET EEL ra B T ET 
but from the equation in 0, 


AA SPO ae a | eae 
Ot. Otu. Atv O& OGHA OGEN? 


and the like for the coefficients of y and z; this proves the theorem, and it thus 
appears that the critic centres are conjugate poles in regard to the twofold centre conic. 


Article Nos. 41 to 50. Transformation of the Equation of the Nodal Tangents; the 
Three-Centre Conic. 
41. Writing as above, 
L=0,-0,, LSO m0 k= 00, 
©, =(0 +A) (A+ 4) (A+ v), 
©, = (8, +2) (2+ u) (02+ v), 


©; = (0; + A) (03 + u) (0s + v). 
Q v. 42 


ARARA FrCIN- AFA nl 
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I put for greater convenience 


: P(e KY ve an 
7 ah deh GAN A+ pe thro 
T OENE Hy vz ) 

t zi (a; +27 O40" O49)” 
LoS, AU Ae ae 

a bits Gee ee 


so that X=0, Y=0, Z=0 are the equations of the sides 
the critic centres. 


OF CUBIC CURVES. 


[349 


of the triangle formed by 


42. Then X, Y, Z may if we please be considered as new coordinates replacing 
the original coordinates æ, y, z; the relation between the two sets being given by the 
equations last written down; the values of æ, y, z in terms of X, Y, Z are given by 


the converse system 


1 1 1 
ogg aa ae 
1 1 1 
= Y+ ,—4Z, 
d A+ pb Oth + +p 
1 1 1 
0 bate ied Lee: 
43. To show the identity of the two systems, I start from 
one; this gives 
re Ba hit ola Bir ibe 1 3 (—4 
TO Oe a ee: ee OEN O42" O EN 
RE Fe FANSE E E eee 2 
ra ntele | Are ere Bae 
sete 1 Ahata 444 
7 O6+v’ O+7 6A+v? O+v’ O40” 


where the coefficient of X is 


(u —v)(v—X) (A— u) (02 — 8;) (0; — A;) (0, — 5) 


the 


last-mentioned 


or (0, +A) (0, e p) (0+ v) (0,+ A) (02+ H ) (0: + v) (0; +A) (0; F y) (0; + v) 


or, what is the same thing, 


_ =) O-=NHA=whbh 
0, 0,0, 


The first side is a linear function of x, y, z which vanishes for 


Bo SAUNA 
O.+ pw 0 +v’ 


E, 
OFEA 
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and for 


and hence it is of the form 


Ax By vz 
a Ses +X a pee 


and by comparing the coefficients of æ we have 


eae 1 1 (9, — 83) (uw — v) 
O+ (O:+")(O;4+v) (O.+v)(O,+6) (0+4) (02+ v) (05+ aO 2)’ 
_4(u—v)(O. +2) (Os +2) 


2™“3 


that is 
hu») (+2) (A) +2) 
19,0, 


and it is easy to see that 


(0, +2) (0,+) (0,42) =—2(v—®) A = p), 
so that 


gahe 9) @=NO—H) 
0,0; À 
and the equation becomes 
_—9,/ a Hy vz 
EOR O 


which is right; and similarly for the values of Y and Z. 


44, The equation of the tangents at the node corresponding to the root 0, is 


(0144n, 0, + 4u, 0+ 40, oy zaan eT) D) Ca, y, ping 
1 1 


and substituting for æ, y, z their values in terms of X, Y, Z, it appears in the first 
place that the coefficients of X?, XY, XZ, YZ, all of them vanish. 


45. In fact 
Quy 1 1 1 
Ane re ar is crear ye ei ier (il ly a e ry cere TTR Biter ae = > | 
coeff. X (0,442, ., » — 4, 6,” Cea 0, + po at 
2uv 
0, + 4r St 


— 25 


-3i CESS a EAA 


First term is 


Rie 
Bry + @ 80? — (uy + vA +rw)}, 


1 1 


42—2 
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where the value in question for > ie is most readily found from the identical 
1 


equation 
a ee 


A E pR @ — 0 (uv +v + Ap) — Auv 
O+nr tka am © 


by differentiating and then writing 0 = 0,. 


Second term is 


=-§ 26, +2)(6. +), 


=- 53 (62 +O, + 2p +), 


=— 5, {308+ + m+») 8 +2 (uot ont) +E 


Witla iu + = multiplied into 
1 
Í ©, + 3 {302 — (uv + vA + ry)} 
1 
Ery 
— 2 430 A+ p+ v) A, +2 (uv + vA + Ap) + -9 , 
5 gas 
"E {0,5 + (uv +v + Ap) A — 2rpv}, 
which is = 0. 


46. We have next 
2uv ee i 1 1 1 1 
#17 = (64-0 oo ee eee a 
coe 6, + 0; ð, OIEA? 0, + 0 +v OHA? Opp. 6, + v 


E OHA sal 2uv\ { 1 1 
= 2G 4n)(G 4d) = (6, + ON arpar UTOTO 


First term is 
A 


1 > 
TIa tO G42) OFA 


Jee 3 AR e 
UFAR 6-6," VEER GHA” 


=} 
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Second term, writing it out in full and collecting the terms which contain 


6,42’ 


i w(t ala We A h z) 
N a tax) oi Soren a we f 
whereof the first part is 


1 1 1 
7 OR s gat a Oh 

1 6, 1 1 
rit 3x Eta ee ra 


ð, 
Dor CO Ae DNE a) 8 
=~ 4.5 ataa a) =~ at 


2 A `À A2 
=-5 {5 z +, -2 equa 


+ 
e ER ee ea 
6, 6, + OFA 6-0, OHA OFA 


and observing that 


ree Oa y eat = 2 (0,+r)— 26,3, + O22 g 
=30 +A +u +v)-— 60,4 6. z > 
=— 0 +A+p+r, 
; i A? 5 
with the like value for = O42? the second part is 


47. Hence the whole second term is =-3, and combining the two terms we 


have 


2. ¥ 
coeff. Aig a E 


w 


In the same manner precisely it appears that 


coeff. XZ = 0. 
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48. Next, 


coeff, vZ=10,44n,..,— (6, + 74%),.. 


First term is 


which is 
4 


abe Fr 8 
= gel 


4, 8) E 4 =D = 


OF CUBIC CURVES. 


Second term, writing it out at full length and rearranging the parts, is easily seen 


to be 


1 1 
Es tel ee a 


=~ 6,43 


x 


5 tS A A > 


OOF GFA 
where the first part is 


=-0,{3 1 1 


Em 
(4, +A) (Os +A) 


r2 
(0, +A) (0; + =f 


1 


GO te Oath. 00-20, 


2 


2 gly 2091 ($ 
TOG G -0 


and the second part is 


2 A A 


2 


1 


Es zt +h OEN oR 


z(a raed 


4 2 
J} AT — a6, 


K N 
AE 


1 


so that the whole second term is 


sae 
0.05 ’ 


whence combining the two terms we have 


_ 20, 
coeff. YZ = 6.0, ~ 


20, 
74,7 


2 
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49. We have now to find the coefficients of Y? and Z. 


d OEA ac) 


O +AA 5 
Gn oon 


Quy 2uv a 2uv 


=% 


_ yh- At O+4r E OA ae 0, 
(0,+2r) (0, +) (0, +7) ; 
and observing that the terms 
2uv 
sy attr _ oy Perea. 
(0, +A) (0, + p) (A, +v) 


only differ from those of coeff. X? by having @, in the place of 0, and are therefore 


=0, we have 


oe ee Pee T 
ba (8, +2) CETO DI 
( ee 2 
4 1 6,0, 
4-8) (> Gap GWG TH) 
Here 
ee see as) Tae a 
(+A ET (62+2)(O.+v) O(h +N) 
Ei f- (6.40) (+ m)+ g +m) O, 
l Duv 
= ge (trt e) 
1 2 (uv + vr + Ap 
=g 20+n+y)+ ee b i k 
and 
2 pv 
0,0, 2 2uv 
ME ean i R TYRE e | ems 
2% Ot wy (0, +9) 6, > (1 gg, (2+) 


as 2uv Auv 
=- g (ataa) 


2 2(uv-+vrA+ru) À 
sa Sopta pto Me ten he) B), 
2 1 1V2 


Il 
© 
a 
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and hence, substituting for 6,— 0, its value =l, 


Ory 
coeff. Y?= 2ls {= 30, p EEEN q BUDET) Ot 
2 1 


0,0, 


2 


_ 2h 

~ @,6,0, 
but we have 0,+ 6,.+6;=0, whence 0@,+ 20,=6,—0,=1,; wy +v +p = — (0,0, + 0,0; + 0:03), 
Auv = 0,0,0,, and therefore — 30,02 + 6rAyuv = — 30,02 + 30,00, = — 30,0, (0, — 05) = — 31,0,0, ; 
and hence 


{— 30,02 + (uv + vr + Ap) (8, + 202) + Crp} ; 


21,1; 
00,0, 
21,1, 
pe 6.6.6, {- 40,0, + (0, + 6.)?}, 

211, 
= 0.0.0, (0, a ae ? 


coeff. Y2= 


{— 30,0, — 0,0, — 0, (0, + .)}, 


that is 
21,1,8 


coeff. Y? = @.0,8,’ 


and, by merely interchanging 0, and @;, 


_ 213 
coeff. Z = 8,0,0, 


50. Hence the equation of the tangents is 
2l Ye 21,13 p= 


0.0,0, ORAA 
or, what is the same thing, 
1 1 
130,0,* * 730,0,7 = 
or putting 
1 1 1 
a 1,76,,’ ae 120,0,,’ C=, 4 


the equation of the tangents at the node corresponding to 0, is BY?+CZ=0. And 
hence the equations of the tangents at the three nodes respectively are 


BY? + CZ =0, 
AX? . +02 = 
AX?+ BY? . =0; 
that is, the nodes or critic centres are conjugate poles in regard to a conic 
AX? + BY*+ CZ? = 


which is the three-centre conic; and the tangents at each node are the tangents from 
such node to the conic in S 
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Article Nos. 51 and 52. Special Case of the Three-Centre Conic. 


51. Write for a moment 


, AL BY A 
ar "Eth Ob, eat Obs +p’ 
y AL py vzo 
A EEE F EAN 
E AE WE v 
A oy ir P ET 
so that 
©, 7 = ©, id ae ©, 7 
ERP pA Aa rik ps Oi Sesh 


the equation of the three-centre conic expressed in terms of (X’, Y’, Z’) is 


©, 7 0, yr 3 
Laa tig, Y +t pg =o 


A'X”+ BY? + CZ =o. 


SRJ 


When 6,=0,, we have =œ, A’=—B’, X'=Y; by writing the equation in the 
form 
(A’ + B’) X? +B (Y° — X+ CZ? =0, 


and observing that in the limit Y?-—X?=2X’(Y’—X’), we see that the equation 
will thus assume the form 
RTO 


, PS 

where y i 
AREN e ‘ ’ Poa éa 
oe eee eae,’ 


is a finite function; X’=0 is the line joining the twofold centre and the one-with- 
twofold centre, S=0 is the other tangent at the one-with-twofold centre, Z’=0 the 
tangent at the twofold centre or cusp; the form X'S+ œ Z*=0 shows that the three- 
centre conic reduces itself to a pair of points, viz. the twofold centre or cusp, and 
the point where the tangent at the cusp is met by the other tangent (that is the 
tangent not passing through the cusp) at the one-with-twofold centre. 


52. To verify the value of S I proceed as follows: 
Wiee. a ©, Oir) 
00T Oo 6,100, = 0,(8,—0,) * 0; (0; — AONE 
1l 1 © 9 
(2—0) (8—0) ` 0—0 fo Eip a.) - er 80}, 


ST CesT Sf gacl a en ea Ji 
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1 _ @2_ 2 PN. 
Fg- OE + ++) O- 84) + Mav (7-a) 


= (0,— (G+ +r+ wy Be), 
= (0,—6:)(A+m+v+34); 


©, — O, = 03 — 03+ (A+ u +v) (02 — 02) + (uv + A+ Ap) (A, — 0), 
= (0, — 0.) {0,2 + 0,0. + 0.2 + (A+ u +v) (A, + 0) + wy + VA + Ap}, 
= (0, — 0,). {602 +2 (A -u +v) 0}: 


and thence 

A’ + R 

F aeei 5a. ( 30,+X+ m+). 
Moreover 


re se eA By a R 
Y’—X’=(6,- Seay +r) (+N) ta + y) (02+ u) ee 


mr CEI Ae a MY EK A 
mip lace EE ET 
and hence 


4 vz 
S= Ohtat t) eS E aad ye A 


-ae PAES Begin =H 
B02 (OAP (Oatu (A+)? 


in which we have only now to substitute (A, m, v)= (a, B=, y*) and @,= z5 g 
have 4 
M l M M 
fraes EA +H = Othe Say 
where M= ay (By - a) a OY + ya + aß), and then observing that 


2 
Dn erena tat 2) = preasa wrap 


the equation S=0 becomes 
bg pe ai 
2 (By + ya + a8) (7 +% +=) +3 (aa + By + y2) =0, 
or, what is the same thing, 
2 g 2 y 2 Z 
(28y + a’) 7 + Aret ENR E 


which agrees with a former result. 
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Article Nos. 53 to 55. Transformation of the Equation of the Cubic. 


53. Let it be required to express the cubic 
gyz + k (æ +y +z? (ra + py + vz) =0 
in terms of the coordinates X, Y, Z We have 


l 1 1 
wt y+ e=2 (7X +Y +52), 


AS + py + vz = X+ Y+ Z, 
and the equation therefore is 
X Y Z X Y Zye 
Neate ce thas) t (Gt gta) X+¥+2)=0, 
where II denotes the product of the three factors obtained by writing A, pw, v 


successively in the place of A. 


For one of the nodal cubics we have 
—_ 19.2 
the jew ad 
k = hy ae ©, ? 


and the equation multiplied by ©, is 
I AON EAA eet (X+ Yý +25) (X +V+Z)=0, 


O+ 0+ 


which it is clear & priori must be of the form 


y» Z K Z Y oe 
KX (ra, t paa) + 0 (ors ous fat aa g) T+2)= o; 

and there is in fact no difficulty in verifying that the coefficients of X*, XY, X*Z, XYZ 

all of them vanish. To find K, comparing the coefficients of X Y° we have 

(+) (At+H) 0? oh | 


anA 


K 730.6, aa 08 8,’ 


that is 
Kursy = 5 (0, +A) (0+ u) (A ME + 20.) ©,, 


= 5 (6, +2) (0, ELY RA 0, T +0) — 2 (0, +20.) @., 
2 0, 
z Q + 6) a+ 3} ©, — 51 (6, + 20.) O» 


t å (0; a3 26.) @, -— i (0; + 262) ©,, 
0, 0? 


= gj: 20, — 00,): 


43—2 
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and 
6,20, — 020, = 020 — 0,°0,? + (020, — 0,78.) (uv + vA + Aw) + (0? — 0°) Nav, 
= 1, {020} — 0,0, (uv + vA + Ap) — (8; + 4.) Apr}, 
= 1, {0202 + 0,02 (0,02 + 030, + 92) — 4 (0, + 92) 010203}, 
= 1,0,0, {20,0, +4 0; (0, + 9.)}, 
= $ 1,0,0, {40,0, — (0, + 02), 


=> $ 0,0l; ; 
so that we have 


1 bi 
Ti gap T EO =-15 


that is 
K=-4$1/,/1,, 


and the equation of the nodal cubic is 


-phe X (poe, + re) tO * Be wt (+ a) ah lava 


54. To complete the reduction we have 


det. r-g -g7 9:0, 0&9- 0:0,); 
colts Pi 02 F +r) (0, rae TOTE Be" 
= 5S gt a (0, +26.), 
= a gag (6, +26), 
LO Uh 
8, ©, t 620,” 


= — 7240, (0:°2:— 0:9.) 


so that substituting for 0,20,— 0,0, its value = — 4 0,0l, the terms in Y* and YZ are 
l 
=- 368 9m (r-z YZ), 
and in like manner the terms in YZ and Z are 


ie ape 
=4+4 02 xe, a YZ: +2), 
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so that the terms in (Y, Z} are 


Ln ADU È ae, (r- YZ) - - a, (g var+ 2)), 


and the equation, omitting the factor — $ °l}, is 


(r3630,+ + 196,) + |r za (7 z rz) - yið, G ver+ | =0. 


55. But the term in [ ] is 


(Y= D(t pa] tpo- a) fe et ae, (-1 -3) aie 
which: 
2 )- 20 1 


=i + 2) (rae, t Ga, 6.8, Yz (r Eaa 2): 


and the equation of the nodal cubic is finally 


2 26,2 A y ARAT 
AX +0, (Y — 2) (raa ea, ie) RA a A T 
The lines Y=0, Z=0, eT 0,9 each pass through the node aia meet the cubic 


in a third point; the three points of intersection lie in the line 1.X+6,(Y—Z)=0 


Article Nos. 56 to 66. The Cubic Locus, Harmoconics and Harmonic Conic. 


56. Suppose that the line As + my +vz=0 passes through a given point (a, b, c), 
then we have 
aa + pb+ve=0; 


and observing that 0+), 0+, 0+v, 0 are proportional to 
Ricks aie 


a? y? z’? æ+y+z 


respectively, 


we find 
a,b c_2(a+b+o)_o 
æ Y 2 æat+ty+z 


the equation of a cubic curve, the locus of the critic centres corresponding to the 
several lines As + uy +vz=0 which pass through the point (a, b, c) The cubic curve 
passes, it is clear, through the six points which are the angles of the quadrilateral 


æ=0, y=0, z=0, x+y+2=0. 
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57. If we take for (a, b, c) the coordinates of the point of intersection of the 


line \w+ py+vz=0 with any one of the lines e=0, y=0, z=0, a+y+z2=0, then in 
each case the cubic breaks up into the same line and a conic, viz. we have the conics 


2s EE N 
R-P ee N 
x y z 


and it is to be noticed that in each case the critic centres all of them lie on the 
conic. In fact, since the point (0, v, — pya) is an arbitrary point on the line #=0, a 
line Aw+py+vz=0 passing through the point in question is an absolutely arbitrary 
line, and the corresponding critic centres therefore do not lie on the line «=0; that 
is, they lie on the conic 


and it may also be remarked that the elimination of à, 0, from the system 


1 1 2 
O+rN:O+mir Atv: 0=—: zatyte2’ 


or, what is the same thing, the elimination of @ from the system 


ey ol 


O@+m: 04+: 0= Ura mya 


gives the last-mentioned equation, unencumbered by the factor æ =0. 


We have thus four conics, each of them passing through the three critic centres 
which correspond to the line Aw+py+vz=0; as to the signification of the first three 
of these conics, [ remark as follows. 


58. The ‘harmoconic’ of a point A as to the line T in respect of the conic 9, 
may ve defined as follows; viz. considering the pencil of lines through A, the locus 
of the fourth harmonic of the point in which a line of the pencil meets T, in 
regard to the two points in which the same line meets the conic @, is a conic 
which is the harmoconic in question. (In particular, if the line T pass through the 
point A the harmoconic breaks up into the line T and into the polar of A.) The 
conic © may of course be a pair of lines. 
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Consider any three lines 2, y, z, a line S, and the line T; then the harmoconics 
being all as to the same line T, we have the theorem 


Harmoconic of intersection of æ, S in regard to pair of lines y, z, 

Ditto 5 r of y, S ue z E 

Ditto F + of z, 8 a 5 By. ¥; 
all pass through the same three points. 


And taking «=0, y=0, z=0 for the equations of the lines a, y, z; Ax + uy +vz=0 
for the equation of the line S; and «+y+z=0 for the equation of the line T, the 
harmoconics just spoken of are the above-mentioned three conics respectively. 


59. In fact, considering the harmoconic of intersection of œ, S in regard to the 
pair y, z; and taking a’, y, 2’ as the coordinates of a point P of the harmoconic, 
then the equation of the line AP is 


wB AEEA 
/ 
a A z 


(0, v, =p. 
that is 
æ+ (py + v2’) — a (uy +vz)=0, 


and at the point of intersection with the line T or «+y+z2=0, we have 
(y +2) (uy + v2’) +æ (uy + vz)=0, 
or, what is the same thing, 
y (pæ + py + v2’) +2 (va + py’ + v2’) =0, 


which is the line through the last-mentioned point and the point (y=0, z=0). 
The line from the point A to the point (y=0, z=0) is 


yz? — zy’ =Q. 


60. By the definition of the harmoconic, the last-mentioned two lines are harmonics 
in regard to the lines y=0, z=0; that is, we have for the equation of the harmoconic 
in question 

—Yy (px + py’ + v2’) +z (væ + py’ +v2)=0; 


this equation may also be written 
(ve! — py’) (a +y +2) -2(0 uy’? =0, 


or, what is the same thing, 


whence writing 2, y, z in place of 2’, y, z’, we see that this harmoconic is in fact the 
first of the above-mentioned three conics. 
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61. The fourth conic through the critic centres is the conic 


BG srt SL Hg 
x y z 


which it will be observed passes through the vertices of the triangle æ= 0, y= 0, z=0, 
and also through the point (1, 1, 1) which is the harmonic of the line s+y+2=0 
in regard to the triangle: I call it the ‘harmonic conic.’ Representing the equation by 


or, what is the same thing, 
2fyz + 2gzæ + 2hæy = 0, 


we have f=y—v, g=v—A, h=r—y, and therefore f+g+h=0. 


62. It is easy to show that the coordinates of the pole of the line e+y+z2=0 
in regard to the harmonic conic are æ : y :z=f° : g: h?; these values satisfy the 
condition V2+Vy+4+Vz=0, that is, the pole in question lies on the twofold centre 
conic, 


63. The equation of the tangents to the harmonic conic at its intersection with 
the line «+y+z=0 (which tangents meet of course in the last-mentioned pole, that 
is in a point of the twofold centre conic) is found to be 


2fgh (a +y+2P+0 (2fyz + 2gzæ + 2hæy) = 0; 
if for shortness | 
O= fP+g +h? —2gh — 2hf — 2g, 
or what is the same thing 


O=—4(gh+hf+fg), =2 (f+ p+ h). 


64. We have identically 
-- 6fgh (a + Y + 2 — 2yz — 22x — 2æy) 
= 2fgh (æ + y + 2¥ + O (2fy2z + 2gzæ + 2hay) — 8 ( fe + gy + hz) (ghħæ + hfy + fgz), 
so that the tangents in question meet the twofold centre conic 


æ +Y +2 — Qyz—22ze — 2æy = 0, 


at its intersections with the lines fæ+gy+ hz=0, and għæ+ hfy+fgz=0: the latter 
of these is in fact the tangent of the conic at the point (f°, g?, h?) of intersection 
of the two tangents. Hence the two tangents meet at the point (f°, g°, h°) of the 
twofold centre conic and they besides meet the conic at its points of intersection with 


the line fe+gy+hz=0. 
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65. The line Ax+pyy+vz=0 may be expressed in the form, 


Y 

AF. B 

(where, ut suprà, a+ 8+y=0). The corresponding values of f, g, h are 
fig i h=@(B—9) : B-E): yE B), 


or, what is the same thing, 


fig: h=8(B —y) : By —4@) : ¥(a —-8), 


iM = pt hetyts)= 0, 


or, again, 
fig: h=a(B—r) : BA): (e e) 
The equation fx +gy+hz=0 may be written 


a. ¥, £2 |=0, 
iin ~13'> g 
esd” 
| @?? p y? 


that is, the line in question is the line joining the harmonic point (1, 1, 1) with 


the point 
(= A z) 
ED «nF 


the inverse of the point (a°, 6%, y), which is (ante, No. 27) the point of contact of 
the line 
— 5+4 T aii 0 
BTY 


with the envelope. 


66. The harmonic conic passes through the vertices of the triangle æ= 0, y= 0, z=0, 
through the harmonic point (1, 1, 1), and through the critic centres. Hence if one of 
the critic centres be given, the harmonic conic passes through five given points and 
is thus completely determined. But a critic centre being given, the line joining the 
other two critic centres is the polar of the given centre in regard to the twofold 
centre conic (ante, No. 40), and it is thus completely determined; and the other two 
critic centres are of course the intersections of this line with the harmonic conic. 


Article Nos. 67 to 87. Miscellaneous Investigations. 


67. I demonstrate by means of the last-mentioned formule a theorem already in 
effect demonstrated by the investigation which led to the three centre conic, viz. that 
the tangents at a node or critic centre, and the lines drawn to the other two critic 
centres, form a harmonic pencil. 


Go. V: 44 
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In fact the tangents at the node or critic centre are given by the equation 
(0.4 cee T T 


the other two critic centres are given as the intersection of the line 


AE PE 
O+rX O+p 


re =0, 


7. 7 v 
with the conic 


r Ep ee N 
fa p+ FP 0, 
x y z 


the theorem will be true if the pair of tangents and the last-mentioned conic are cu 
harmonically by the last-mentioned line. Now in general the condition in order tha 
the line æ +ny+¢z=0, may cut harmonically the conics (a, b, c, f, g, h¥e, y, 2? anc 
(a’, b E f', o', kY @, y, a= 0s 
be + Uc — 2ff’, ..., gk +gh-af — af, .. YE, n, P= O, 
and if a’ =b’=c’=0, then the condition is 
(— 2ff’, ... gh’'+gh—af’, ...WE n, 6% =0. 


68. In the present case the equations of the two conics may be written 
(0+ 4nr, ... — 0 SAR; si) (7,9, 2y =0, 
(0, ...; BOD, «QM, ¥, 2)°=0, 


-Yf =-2(u—v)(0-+ 7H), 


and we have 


aeiy l wA IN 

gh! + TOT A (0+ )a- re (0+ FF) O-A- u=) (0+ 40), 
=—0(A\-p+u-—-v+v-À) 
+5 (— N+ v — Mv — Nu) + 4A (u — 0), 


=u- (F-a). 


and the condition is 


w=») (0+ =, ~ u- a), S oan’ ga) =. 


69. Writing this in the form 


Sa~ 9) (0+ 3) (ogy) +226 -») (5-2) ox haan? 
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then observing that 
op el ig TAT ETAR 
O+ O+p~ +v ”’ 
the first part is 
Sius i | D. EE o RE 
Tae n) (0+ 0 m aae 
which is 
-groo gro’ (0+) f- ru (0+r)- wO +u) +20 +n) O+) 
(0+) (0+) (0+v) 0 i 
ai 1 
~ (04+2) (0+ u) (0+ 7) 


and observing that the sum is 


È (u +v) (o + ad (XG? — Amv), 


= Dr (w—v) (4 + Quv) — Apv È (u — v) G + Fon) j 


=- Ewu- O-N) 


the first part is 


O (0+NO+AO y 
The second part is 

cy Auv 

~ OO +2) A++u)(O +v) 


in which the sum is 


= (u — v) (à — 26) (r+ 0), 


= & (w—v)(— XO — 26") = =? (p—v)=- (u-v) -AA - pM); 


so that the second part is 


2rpv (u — v)(v—A)(A—B) 
@ (O4r)(0+n)(O+0)’ 


and the sum of the two parts is =0, which proves the theorem. 


70. Let a, Yı, 2 be the coordinates of a critic centre, then the equation of the 
polar in regard to the twofold centre conic is 


(n +yta)e++ (a — y + a)y + (aty) = 0, 
and the equation of the conic through the five points is 


m(w-4) , ha-a) , a-o 
£ Z 


and these equations together determine the remaining two critic centres. 
44—2 
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71. I remark in passing that the equation of the one-with-twofold centre locus 
may also be obtained by means of the equations 


t (J — %) sid Yı (2, — a) + 2 (m — 4) =0, 
x y z 
(C mntyta)jet+ (aytay +l y a), 


which determine the remaining two critic centres corresponding to a given critic centre 
(£, J, 2); in fact, in order that the centre (æ, %, %) may be accompanied by a 
twofold centre the line must touch the conic; and the analytical condition, substituting 
therein (æ, y, 2) in the place of (m, Yı, 21), is found to be 


gyz \eryte— (Y2 HYZ + 20 + 2a + wy? + ay) + Bays! =0, 
the three lines wyz=0 are not properly part of the locus, but their appearance may 
be accounted for without difficulty. 
72. Assume that the line Aw + wy + vz =0 passes successively through the points 
(x= 0, y —2z=0) (y=9, z—2=0), (z=0, æ—y=0), 


or, what is the same thing, the points (0, 1, 1), (1, 0, 1), (1, 1, 0): then (ante, No. 56) 
the critic centres are in all these cases respectively on the conics. 


laly 4 =0 
E aE a a E N 
T ee 
2 O E E ”’ 
ee PNT 


or, as these may be written, 
(y—2zP+a(y+z)=0, 


(z -2P+y(z+2)=0, 
(a — y} +z (æ+y)=0, 


the first of which is a conic touching the lines æ =0, y+z=0 at the points of inter- 
section with the line y—z=0; and similarly for the other two conics. 


73. Suppose that the line s+ uy+vz=0 passes through the point (4, — 1, — 1), 
or let 44-p—v=0; we have (a, 8, y)=(4, —1, —1); and the critic centres lie on 


the curve 


cops ge 

© ¥Y £2 aBatytze ’ 
that is 

4(y +z) Y+2_9 


æ(æ+y+z) yz 
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or, as this may be written, 
(y + 2) je@+y +2) — sya} =0, 
so that the cubic locus breaks up into the line y+z=0 and into the conic 
z (s+ y+z)—4yz=0. 


74. I say that the critic centres lie, one of them on the line, and the other two 
on the conic. 


In fact, putting A=}(u~+v) the equation in @ is 


a @— 0 (pv +ł}(u +v) $ wv (u+v) =0, 
that is 


fori u+) fæ- 3 u+1)0- w} =0, 


and we have 
1 1 1 


We, Ck TAr Om Oe” 


75. Hence if 0+4(u4+v)=0, we obtain 


ao aa ii 1 . a: 
ee PE) Faw) 4G») 
=P", —-1:1; 
+v 


whence also 
(u+r)æ+(u-v)y=0, 


(u+v)a—(u—v)z=0, 
y+z =0, 


so that the corresponding critic centre lies on the line y+z=0; the last-mentioned 
equations, restoring the value 4) in place of u+ v, may also be written 


4a + (uw —v)y=0, 

4a —(w—v)z=0, 

y+z =0. 

76. If on the other hand 
| @—1(u+v)0—py=0, 
or, as this equation may be written, 

50 — (8+ 2y) (8 + 2v) = 0, 
then observing that in general, in virtue of the equation 


1 1 1 2 


GLa Orn Ore 8.” 
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we have 
y LAE POE steel 2. 1 
Pe ee ew aie Aa Oe TEE eet 
Rae. 1 _ 9+ 2v . 04+2p 
 O+u` O+v' O(6+v)° O(6+p)’ 


and consequently 
y:ea+2=0: 042%; 2: 4+y=0: 0+2, 


the foregoing equation 
50 — (0 + 2u) (0 + 2v)=0 
vives 
5yz— (a +2) (+y)=0, 
that is 
a(ex+y+z)—4yz2=0; 


or the critic centres corresponding to the two values of 0 lie on the conic. The 


line joining them is the polar of the point F ns =I, 1) in regard to the twofold 
centre conic; the equation therefore is 
(u—v) @-(8u+v)y +(u+3r)2=0. 


77. Starting with a critic centre on the line y+z=0, the other two critic centres 
lie on the conic «(«+y+z)—4yz=0, and they are the intersections of the conic by 
the polar of the first centre in regard to the twofold centre conic. 


78. Starting with a critic centre on the conic x(a@+y+z2)—4yz=0, the other 
two critic centres lie one on the conic, and the other on the line y+z=0; viz. the 
polar of the first centre in regard to the twofold_centre conic meets the line in one 
point, and the conic in two points; of these one is the harmonic of the point on 
the line in regard to the twofold centre conic; this point on the conic, and the 
point on the line, are the other two centres. 


79. The point (4, —1, — 1) is of course one of a system of three points; viz. 


these are (4, — 1, — 1) (-1, 4, — 1), (-1, — 1, 4); and the corresponding loci of the 
critic centres are 


(y + 2) fe(@+y+2)— day} =0, 


+2) \ye+y+2)- teal = 0, 


(vty) le (w+ y +2) — ey} =0, 


the three points in question are (ante, No. 24) shown to be nodes of the twofold centre 
envelope. 
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80. The line 3e+y+2=0 is the line through the points (—1, 4, — 1), (—1, —1, 4), 
and as such the corresponding critic centres lie 


one on the line z+«=0, two on the conic æ (æ+ y+2)-— 4yz=0, 
one on the line «+y=0, two on the conic y (æ +y + z)—4zæ = 0. 
The two lines meet in the point (1, — 1, — 1). 
The two conics meet in the points (1, 0, 0), (2, 3, 3); and touch at the point 
(0, 1, —1), the common tangent being 5e+y+z2z=0: this appears by writing the 
equations of the two conics in the forms 
(y — 2) (5x +y +2) + (y +2) (~ 3x +y +2)=0, 
— (y — z2) (5 + y +2) + (y +2)(— 3% +y +2)=0, 


for we have then the four points of intersection put in evidence; viz. these are 


y—z=0, , y+z2=0, that is (1, 0, 0), 
y—z=0, —3e¢+y4+2=0, ai A RE 
5æ+y+z=0, y+z2=0, , (0, 1, —1), 
5æ+y+z=0, —387+y74+2=0, _,, (0, 1, — 1). 


The point of intersection (1, 0, 0), which is an angle of the triangle, is not a critic 
centre; the three critic centres are the other point of intersection (2, 3, 3); the point 
of contact (0, 1, —1); and the point of intersection (1, —1, — 1) of the two lines. 


81. To obtain in a different manner the last-mentioned result it may be remarked 
that for the line 3¢+y+2=0, for which (A, m, v)=(3, 1, 1), the equation in @ is 
&—70—6=(0+1)(84+2)(@—3)=0, 
so that the values of 0+), 06+, 0+» are 
for 0=-1, BO, O, 
» O=-2, 1, —-1, -1, 
» O= 3, EEES a i, 
and the corresponding values of æ : y : z are 
=4: oai: o, that is, (0, 1, —1), 
sl elil, P? (1, — 1, — 1), 
me E ee Re Ce 
which points are therefore the critic centres for the line 8e+y+z2=0. 
The last-mentioned line, it is clear, is one of the system cf three lines 
3e2+y+2=0, 2+38y+2=0, x+y74+32=0. 
82. If 7»=0, that is if the line Aw+py+vz=0 pass through an angle y=0, z= 
of the triangle; then reverting to the original equations 
els) eat Sys soe Rei AD E. Mad 


AL Hy vz i 
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these give (y=0, z=0) or else (~w@+y+2z=0, v2*?—py?=0), that is, one of the three 
critic centres is the angle (y=0, z=0) of the triangle; and the other two are the 
intersections of the line —#+y+2=0 with the pair of lines vz?— py? = 0. 


It should be remarked that, given the critic centre y=y,=0, z=2,=0, the re- 
maining two centres cannot be determined as the intersection of the polar —æ +y +z2=0 
with the conic 

x, (Y = zi) 4 Yı (zi — 2) $ zı (@ =A) =0, 
x y z 
inasmuch as the equation of this conic becomes the identity 0 = 0. 


83. The critic centres for the case in question, A =0, may also be determined by 
means of the equation of the cubic through the three centres; in fact, since X=0, 
the equation àa + p8 +vy=0 becomes wB+vy=0, that is 8B: y=v:—p; and the 
equation of the cubic therefore is 


G 2 j+ v fp A 


v z æ+y+z 


i x GEUTE 


2 


and since the ratio a: 8 is arbitrary we have the two equations 


1 2 0 v_#w_2-#)_9 


— eS S fi 


æ vtyt+z uy 2 Urtyte 
which resolve themselves into the above-mentioned two equations, -x+y+z=0, 
v2" — py? = 0. 


84. Consider a critic centre the coordinates of which are (0, Yı, 2), that is, which 
is an arbitrary point on the side #=0 of the triangle: it is to be remarked that 
there is not any position of the line Aw + my + vz =0, which properly gives rise to such 
a critic centre. 


For writing #,=0 the equations 


TEEATA_ UA-PtaA_ATH—-A 
AX, BY v2, \ 


give ~=0, v=0, that is, the line Aw+py+vz=0 is found to be x=0; but in this 
case the cubic is æ (ye+ k(a+ y+2)) =0, which irrespectively of the value of k has 


nodes at the points «=0, yz+k(y+z)?=0, and which only for the value k=0 acquires 
a third node at the point y=0, z=0: the case is a singular and exceptional one. 


85. If notwithstanding we assume a critic centre at the point (0, yı, %), then 
the other two critic centres are by the general theorem given as the intersection of the 
line 

(n+ 4) @— (y —-a)(y—2) =0 
with the conic (pair of lines) æ (y — z) = 0, that is, we have a twofold centre e=0, y—2=0, 
or what is the same thing a twofold centre (0, 1, 1). 
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86. If a critic centre lie on the line y—z=0, then of the other two critic 
centres, one lies on this same line and the other is the point =0, «+y+z=0, or 
say the point (0, 1, —1). And in this case the line \w+py+vz=0 passes through 
the last-mentioned point; that is, we have w~=v. Conversely, starting from the equation 
=v, so that the line AWw+pyt+vz=0 is Aw+py(y+z)=0, a line through the inter- 
section of the lines e=0, «+ y+z=0, the equation in @ is 


(0 + p) (@ — p0 — 2u) =0, 


where the factor @+m=0 corresponds to the critic centre «=0, «+y+z=0, or 
(0, 1, — 1), (it will presently be shown that this is so), and the quadric equation 
& — u0 — 2rAw =0 corresponds to two critic centres on the line y—z=0. We have 
PEART ote ALAN 
TE AOTT TER I ew 
and thence y—z=0; and 0(æ—y)=— s+ py, which substituted in the equation 
@— p0 — 2u =0 gives 


(w — my) (A+ uye — 2uy} — Wp (£ — y}? = 0, 


and the two critic centres are given as the intersections of this conic by the line 
y—z=0. 


87. Consider for a moment the case v=yw+e, where e is ultimately =0, the 
equation in @ is 
ba den die saan. Klak Sy 
O+r O+p O+pte O ’ 
then if a root is 0=— p+ Ae, we have 


guilt aii ap i jipa Paley u A =0 
Ae+à—p Ae (A+1l)e Ac—-p ’ 
so that, e being indefinitely small, we have 


1 s 
+457 that is, 2A +1=0 or A=—4, 


he | 


and then 
O6=—p-te, 04+rX=A—p—-he; O+p=—te; O+v=+he, 
which gives 
nid? odd Weave sWotadinamody ahi auto 

ot ae ER. Fe Napa pe € 


2 
: +5, 
€ 


or, e being indefinitely small, æ : y : z=0 : 1 : — 1, so that the factor 0+ p=0 corre- 
sponds, as mentioned above, to the critic centre (0, 1, — 1). 


C Y. 45 
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